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Properties of the Feature Map

Once the SOM algorithm has converged, the feature map displays important statistical
characteristics of the input space. Given an input vector x, the feature map ® provides
a winning neuron /(x) in the output space, and the weight vector wi(x) provides the

coordinates of the image of that neuron in the input space.

Feature
Continuous Map &
Input Space

Output Space

Property 1 : Approximation of the Input Space

The feature map © represented by the set of weight vectors {wi} in the output space,
provides a good approximation to the input space.

We can state the aim of the SOM as storing a large set of input vectors {x} by finding
a smaller set of prototypes {wi} so as to provide a good approximation to the original
input space. The theoretical basis of this idea is rooted in vector quantization theory,
the motivation of which is dimensionality reduction or data compression. In effect, the
goodness of the approximation is given by the total squared distance. In effect, the

goodness of the approximation is given by the total squared distance

D=3 x-wi)
X

which we wish to minimize. If we work through gradient descent style mathematics



we do end up with the SOM weight update algorithm, which confirms that it is

generating a good approximation to the input space.

Property 2 : Topological Ordering

The feature map ® computed by the SOM algorithm is topologically ordered in the
sense that the spatial location of a neuron in the output lattice/grid corresponds to a
particular domain or feature of the input patterns.

The topological ordering property is a direct consequence of the weight update
equation that forces the weight vector wi/(x) of the winning neuron /(x) to move
toward the input vector x. Remember that the weight updates also move the weight
vectors wj of the closest neurons j along with the winning neuron /(x). Together these
cause the whole output space to become appropriately ordered. We can visualise the
feature map @ as an elastic or virtual net with a grid like topology. Each output node
can be represented in the input space at coordinates given by their weights. Then if the
neighbouring nodes in output space have their corresponding points in input space

connected together, we can see directly the topological ordering.

Property 3 : Density Matching

The feature map @ reflects variations in the statistics of the input distribution:
regions in the input space from which the sample training vectors X are drawn with
high probability of occurrence are mapped onto larger domains of the output space,
and therefore with better resolution than regions of input space from which training
vectors are drawn with low probability.

We need to relate the probability distribution p(x) of the input vectors to the
magnification factor m(x) of the feature map. Generally, for two dimensional feature
maps the relation cannot be expressed as a simple function, but in one dimension we

can show that
2/3
m(x)cp (x)

So the SOM algorithm doesn’t match the input density exactly, because of the power
of 2/3 rather than 1. Computer simulations indicate similar approximate density
matching in general, always with the low input density regions slightly

over-represented.

Property 4 : Feature Selection

Given data from an input space with a non-linear distribution, the self organizing
map is able to select a set of best features for approximating the underlying
distribution.

This property is a natural culmination of properties 1 through 3. Remember how



Principal Component Analysis (PCA) is able to compute the input dimensions which
carry the most variance in the training data. It does this by computing the eigenvector
associated with the largest eigenvalue of the correlation matrix. PCA is fine if the data
really does form a line or plane in input space, but if the data forms a curved line or
surface (e.g. a semi-circle), linear PCA is no good, but a SOM will overcome the
approximation problem by virtue of its topological ordering property. The SOM
provides a discrete approximation of finding so-called principal curves or principal

surfaces, and may therefore be viewed as a non-linear generalization of PCA.

i

Consider a simple example in which there are only four input training patterns.

Xy | Xy | X3 | Xy

1 1 0 0

c;».(;t+1)=£2(—Q

Let the learning rate at time ¢ + 1 be given by 2 , and suppose
At =0)=0.6

Let topological radius £ = 0.

To make the problem very simple, suppose that there are only two neurons in the
output layer as shown below:

Let the initial weight
matrix be

w;, wpi| [02 0.8]
Woy  Wo 06 04
Wiy Wi 0.5 07
Wap  Wiyo _0.9 0.3

Xl
i=1,234

Following the algorithm presented in the previous lecture:

For vector 1100

D(1) = 1.86, D(2) = 0.98 [Student exercise]

Hence J = 2. Note that =0, so we need not update the weights of any neighboring
neurons.




veing " (new) = w, (old) + a(xi — W, (ofd))
Wy Wy 0.2 092
Woy  Wos 0.6 076
Way Wi 0.5 0.28
Wi Wao 0.9 012

, the new weight matrix is

For vector 0001
D(1) = 0.66, D(2) = 2.2768

Hence J = 1.
Wy Wi 0.08 0.92
Woy Was 0.24 0.76

ws wsg| 020 0.28
Wi Wi 09 0.12

For vector 1000
D(1) = 1.8656, D(2) = 0.6768
Hence J = 2

Twy, w ] [0.08 0.968]
Wy, Wy | |0.24 0304
Wy Wy | 020 0.112

wy wy| |0.96 0048

For vector 0011

D(1) = 0.7056, D(2) = 2.724
Hence J =1

Twy, wy,] [0.032 0.968]
Wy Wy | [0.096 0.304
Wiy Wao 0.680 0.112

wa wa| 0984 0.048)

Now reduce learning rate (step 6): - 2 2
It can be shown that after 100 presentations of all the input vector, the final
weight matrix is

wy w | [6.7x1077 1

Wy Wy | | 241077 0.49
ws, wi| | 051  23x107°
Wy Wy 1 1x107'¢

This matrix seems to converge to
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Suppose the input pattern is 1100.
Then

D(j) =(W1J- _xl)z +(W2; —x2y +(W3; _xs)z +(w4j —x4)2

D) =(0 -1 +{0-1)* +{0.5-0)° +(1-0)° =3.25

D(2)=(1-1F +(05-17 +(0-0) +(0-0) =0.25

Thus neuron 2 is the “winner”, and is the localized active region of the SOM.

Notice that we may label this input pattern to belong to cluster 2. For all the
other patterns, we find the clusters are as listed below.

xl xz xB x4 Cluster

1 1 0 0 2
0 0 0 1 1
1 0 0 0 2




